
Lecture 2:

Threemost basic techniques :

(1) Integrating factor

(2) Separation of variables

(3) Analytic Spectral
(Fourier) method



(1) Integrating factor 

(A) First order differential equation (involving first derivatives

ONLY)

Consider :(D) + P(x)y(x)
= Q(X) (y is unknown function

x

S P(S) &S
Then

,

it is easy to check :

SoLet M(x) = & ↑
some constant.

(M(x)y(x)) = M(x)( + + P(x)y(x)(
Multiply both sides of (D) by MLX) :

M(x) (* + P(x)y(x)) = M(x)Q(x)

=> & (M(x) y(x)) = M(x)Q(X)



Example 2: Consider :

-

f(x) + g(x y(x)
= h(x)

,

2 = x70 with y(z) = 1

Suppose f(x) = (2-1) ; g( = 2x ; h()
= x.

Find an approximated guess of y().

Solution :

Conside
(=

(n(x 1)
Let M(x) = e = e

= x- I

Then : M(x)(+ yxx) = M(x) )
=> (M(x)y(x)) =((x)



i S((- 1)y() =f(x)(

=> (x- 1)yx) = z + c

=> y(x) = (tx + c)((x - 1)

y(z) = 1 = 1 =
( + 2)/z = c = 1

. y(x) = (tx+ 1)/(x2- 1) is an approximated guess

of the solution.



(B) Second order differential equation (involving second derivatives

Consider= -c + qu(x) = 0 where >o
, goo

are positive
constants.

Let M(x) = & (integrating factor

Then : can M
= guca

x

E)(c()") = (g(u(x))))

A possible solution of the above is :

c()2 = g(u(x)
2

it u(x



Example:

Using the integrating factor technique for 1st order differential egt :

#x
ux) = Ke for some constant K.

Ex - Ex
For general solution ,

u(x) = < , e + 22l

where Xi and 2 are some constants determined by boundary

conditions.

-

Assume 210) = 0 and U(1) = 2.

We get 21 + 22 = 0

-ELe + Le = 2

2
-

= Li = - 22 =

EE
2

-
2



Example: (Non-homogeneous case
-

Consider =

Squ(x)

Note that ifw() satisfies (A)
,
then :

u(x) = x , 2
Ex

+ 222
-Ex

+ W() for some
constants

- un

Homogeneous

4) and 22 is a general sol.

In our case
,
W(x) = X + (2) is a solution.

i= u(x) = L , e
x

+ ↳e
Ex

+ x +(
- S

determined by boundary conditions.



#ample:

Solve : -2 + 4u(X) = 4x
*
- 4x + 12 for 0 < X 7)(*)

S (10) = 1 and U(1) = 1

Step 1 : Solve the homogeneous egt first : 2 + 4u(x) =

· Multiply both sides by M(X) =a
- 2 du du + 44(x) = 0E * (2((4)+ (4(u(x)) = 0

· Guess possible solutions :

-2( + 4(u(x)) = 0 E)2(d) = 4u(x)) =EEU(X) are possible solutions

EX - EX
E u

, (x) = 2 , e and U2(X) = 2ze are possible
. . H(x) = d , ex + 2ze-Ey (for some 2 , and (2) is a solution for (A) solutions

Step 2 : Guess a particular solution W(X)

Guess : W(X) = A2X + G , X + 90 and put it into (* ).

We geti - 2 (292) + 4(a2X + a , x + a0) = 4x3 - 4x + 127492X2 + 49X + 490 - 492 =4-4x+ 12

=- 492 = 4 ; 491 = -4 ;490 - 492 = 12E)a2 = 1
,

91 = -1
,

90 = 4
i W(X)= X

*

- X + 4 is a particular solution.
Step 3 : Construct general sols and substitute boundary conditions

General sols : u(X(= L . eEX + 22-EX + (x2- X+ 4) is a general so because :



( -2(d ,
ex + xxe

-(x) + 4(2 , e
**

+ e
-

Ex)) + (-2(X x +4) + 4(x-x +4)] = 4x- 4x + 12

--
I' 4x3 - 4X + 12

j

Boundary conditions: (n(X) = d , e
**

+ 29 -
x

+ 4x3- 4x + 12)
u(0) = (1 + 22 + 12 = 1

S
2 1 + 22 = - 11

(Linear system)()
u(1) = 2, e5 + 2

E
+ 12 = 1 die+ze = -11

↳
Determine 2 ,

and 22 (Exercise



Anotheruseful technique : Separation of variables

Consider a heat equation (on a unit circle) :

Ut = Uxx
,

X ( [0
,
2π]

,
t % 0

subject to : u10 ,
+) = u(25

,
t) (periodic condition)

E u(X
,
0) = Sinx (initial condition (

Strategy: Let u(X,
+) = X (x) TCA).

Mt = uxx = X(T'() = X"(x)T(t)

Il

i
. * = E = x -

some constant

( Two differential

=> =XX and fict) = XTCt) equations !
(


